Differential Equations

Case Study Based Questions
Case Study 1

COVID-19 vaccine are delivered to 90 K senior citizens in a state. The rate at which
COVID-19 vaccine are given is directly proportional to the number of senior citizens
who have not been administered the vaccines. By the end of 3rd week, zth number of

senior citizens have been given the COVID-19 vaccines. How many will have been
given the vaccines by the end of 4th week can be estimated using the solution to the

differential equation Z—Z =k (90 - y), where x denotes the number of weeks and y the

number of senior citizens who have been given the vaccines.
Based on the above information, solve the following questions:
Q1. The order and degree of the given differential equation are:
a.1and1 b. 2 and not defined

c.1and0 d.0and 1

Q 2. Which method of solving a differential equation
can be used to solve ;ly =k (90—-y)?
Ix

a. Variable separable method

b. Solving homogeneous differential equation

c. Solving linear differential equation

d. All of the above

Q 3. The general solution of the differential equation
Z—i =k (90—y)is given by:

a.log|b0-vyl=kx+C
b.-logl90-y|=kx+C

C. log|90-vy|=loglkx|+C
d.50-y=kx+C
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Q 4. The value of C in the particular solution given that
y (0)=10and k =0.025is:

1
a. log 90 b. log —
8 880

c. log 80 d. 80

Q 5. Which of the following solutions may be used to
find the number of senior citizens who have been
given COVID-19 vaccines?

a.y =90-e* b.y =90-e~
c.y=90(1-e%) d.y =90 (e ® 1)
Solutions

1. Given differential equation is:

Y _k©0-y)
ax

Order of equation = Order of the highest order
derivative in the given differential equation =1
and degree of equation = Degree of highest order
derivative in the given differential equation =1
So, option (a) is correct.

2. Given differential equation is:
Y _(90-y)
dx

= i:k-dx ..(1)
90-vy

Here, we can solve the above equation by variable
separable method.

So, option (a) is correct.

3. From eq. (1), _dy k dx
90-vy

On integrating, we get
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jgoiyzkij

= ~log|90-yl=kx+C ..(2)
which is the required general solution.

So, option (b) is correct.
4. Now, puty(0)=10and k =0.025in eq. (2), we get

~log|90-101=kx0+C
= C =-log80=log(80)™

1

C =log —

= 580
So, option (b) is correct.

5. Let y=90(1-e®) be the solution of the given
differential equation.

LHs = &Y i{90(1—9-'“)}
dx

dx
=90(0+ ke ™) =90ke™™
Now, RHS =k(90-v)

=k{90-90(1-e™)}
=k{90-90+90e7 "}
=90ke ™ =LHS

Thus, v =90(1-e ™) s the required solution.

So, option (c) is correct.

Case Study 2

In a college hostel accommodating 500 students, one of the hostellers came in
carrying Corona Virus and the hostel was isolated. The rate at which the virus spreads
is assumed to be proportional to the product of the number of infected students and
remaining students. There are 100 infected students after 5 days.

Get More Learning Materials Here : & m @&\ www.studentbro.in



Based on the given information, solve the following questions:

Q1. Ifn (t)denotes the number of students infected by
Corona Virus at any time t, then maximum value
of n(t)is:

a. b0 b. 100 c. 260 d. 500
Q2. Z—: is proportional to:

a.n(1000-n) b.n(500-n)
c.n(250-n) d.n(500+n)

Q 3. The value of n (5)is:
a. 1 b. 50 c. 100 d. 500

Q 4. The most general solution of differential equation
formed in given situation is:

a.ilog 200-n1 s thc
500 n
b.log =at+C
100-n
C.Llog n =at+C
500 500-n
d.log‘mo_n = At +C

Q 5. The value of n at any time is given by:

500 500
a.n(t)= t)=
( ) 1+ 499 e_SDUXt ( ) 1- 499 e—EDDKf
n(t) °0 ( >0

12499 2007 " 499 4 o500
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Solutions

1. Since, maximum number of students in hostel is 500.

. Maximum value of n(t)is 500.
So, option (d) is correct.

2. Let n be the number of infected students.
So, (500-n) be the remaining students.

Clearly, according to given information,

an _ an (500 -n),
dt

where A is constant of proportionality.
So, option (b) is correct.
3. Since, 100 students are infected after 5 days.
n(5)=100
So, option (c) is correct.

4. We have, (j: =n (500 -n)
dn

— =) |dt
= In(5t1t1—n) J
= 1][ 1 +l]dn=xjdt
5007 \500-n n
500 -1
= Llog‘ d =At+C
500 500-n

So, option (c) is correct.

B. Whent=0andn =1,
1 1

——log (—) =C
500 499

" 1 log n —log [L) = At
500 | 500-n 499
— log| 22" | 500t
500-n
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439n 5000t
500-n

500e°°0* 500
= n(t)= 500t — 5007t
499 + e 1+ 499e

So, option (a) is correct.

Case Study 3

In @ murder investigation, a dead body was found by a detective at exactly 9 pm.
Being alert, the detective measured the body temperature and found it to be 70°F.
Two hours later, the detective measured the body temperature again and found it to
be 60°F, where the room temperature is 50°F. Also, it is given the body temperature
at the time of death was normal, i.e., 98.6°F.

Let T be the temperature of the body at any time t and initial time is taken to be 9 pm.

Based on the above information, solve the following questions:

Q1. By Newton’s law of cooling, g is proportional to:

a.T-60 b.T-50 c.T-70 d. T -986
Q 2. Whent =0,then body temperature is equal to:

a. 50°F b. 60°F c. 70°F d. 98.6°F
Q 3. Whent =2,then body temperature is equal to:
a. bO°F b. 60°F c. 70°F d. 98.6°F
Q 4. The value of T at any time t is:
t t-1
a.50+20 (l] b.50+ 20 [lJ
2 2
1\2
c.50+20 [2) d. None of these
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Q5. If it is given that log, (2.43)=0.88789 and
log, (0.5)=-0.69315, then the time at which the
murder occur is:

a.7:30 pm b.6:30 pm
c.6:00 pm d.5:00 pm
Solutions

1. Given, T is the temperature of the body at any time t.

Then, by Newton's law of cooling, we get
Cg:k(T—SU), where k is the constant of
proportionality.
So, option (b) is correct.
2. From given information, we have at 9 pm,
temperature is 70°F.
- At t=0,
T=70°F
So, option (c) is correct.

3. From given information, we have
At 11 pm, temperature is 60°F.

. At t=2
T=60°F
So, option (b) is correct.
4. We have, d—T:k(T—ED) = Cii-r:kdt
dt T-50

On integrating both sides, we get
log IT -50[=kt+logC

= T-50=Ce"
Clearly, for t=0, T=70°
= C=20°
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Thus, T -50=20ek

For t=2T=60°
= 10 =20e*
1
2k=log | —
- . [ZJ
1 1
k=—log| =
- 28 (2)
t
1)2
Hence, T=50+20 [5]
So, option (c) is correct.
12
5. We have, T=50+20 (5)
t
Now, 98.6 =50+20 (%]2 [-T =98.6°F
t
48.6 (1]5
= | =
20 2

486\ t 1
= log (f] =5 log(ij

log(2.43) [ 088789 }
_o| De\e™3) ) 5| BE8/87
log(0.5) _069315

~—-256

So, it appears that the person was murdered 2.5 h before 9 pm i.e., about 6:30 pm.

So, option (b) is correct.
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Case Study 4

A differential equation is said to be in the variable
separable form if it is expressible in the form
f(x)dx =g (y)dy. The solution of this equation is
given by If(x) dx :Jg(y)dy+C, where C i1s the

constant of integration.

Based on the above information, solve the following questions:

Q1 If the solution of the differential equation

dy _ox+3 represents a circle, then the value of
dx 2y—+f

a'is:

a.2 b.-2 c.3 d. -4

1—
Q 2. The differential equation dy _ y
dx y

determines a family of circle with:

a. variable radii and fixed centre (0, 1)

b. variable radii and fixed centre (0, -1)

c. fixed radius 1and variable centre on X-axis
d. fixed radius 1 and variable centre on Y-axis

Q3. Ifz—y =y+1,y (0)=1,then y (ln2) is equal to:
X

a.l b. 2
c.3 d 4
Q4. "Ij‘he solution of the differential equation
i —e* Yy xte Vis:
dx
Y3 32
a.eX:?+eV+C b.ey ="—+e*+C
NE
c.e¥ = 5 +e*+C d. None of these
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Q5. If 3_y =y sin2x, y (0) =1, then its solution is:
X

2

a.y=en X b.y =sin? x
C.y =Cos” X dy=e®s
Solutions
1. We have, ﬂ: ax+3
dx 2y+f

= (ax+3)dx=(2y+f)dy
2
= crx7+3x —y?+fy+C (onintegrating)
= —%x2+y2—3x+fy+C=D
This will represent a circle, if_2—0=1 —a=-2

[ in circle, coefficient of x? = coefficient of y?)
So, option (b) is correct.

2. We have, y dy =dx
J1-v?

On integration, we get —[1-y? = x + C

= T-y?=(x+C)?
= (x+C)?+y? =1,
which represents a circle with radius 1and centre on
the X-axis.
So, option (c) is correct.
3. yv=y+1 = ﬂ:dx
y+1
= Inly +1l=x+C [onintegrating]
Now, v(0)=1 = C=In2
ln y*ll X = y+1=2e"

So, y(n2)=-1+2e"%=-1+4=3
So, option (c) is correct.
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4. From the given differential equation, we have
dy e*+x?
dx e

= eVdy = (e* + x2) dx

3
On integrating, we get e” =e* + ); +C

So, option (c) is correct.

5. We have, a _ ysin2x
dx

Cos’Z2x
2

+C

= j%:jsiandx = loglyl=-

Since x =0,y =1 therefore C =1/2
Now, Loglyl:;U—cost)
2

= loglyl=sin*x = y=e"" *

So, option (a) is correct.
Case Study 5

A thermometer reading 0°F is taken outside. Ten minutes later, the thermometer
reads 70°F. After another 5 min, the thermometer reads 50°F. At any time t, the
thermometer reading be T°F and the outside temperature be S°F.

L
C F

B o Brg 8 8 8 &

Based on the above information, solve the following questions:

Q1 If A is positive constant of proportionality, then
find ﬂ
dt
Q 2. Find the general solution of differential equation

formed in given situation.
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Q 3. Find the value of constant of integration C in the
solution of differential equation formed in given
situation.

Or

15 minutes later, the thermometer reads 50°F,
find the outside temperature.

Solutions

1. Given, at any time t, the thermometer reading be T°F
and the outside temperature be 5°F,

Then, by Newton's law of cooling, we have

I or-5) = - _y7-s)
dt dt
2. We have, ﬂ:—7L(T—S)
dt
= i:—kdt
T-5
= LdT:—xjdt
T-5

= logIT-51=-At+C

3. Since,at t=0, T =100°F
log100-5[=0+C
= C =log|100-5]|
Or
Since, att =15,T =50°F
log|150-5|=-1x15+log|100-5]|

= 150 = log 180-5
50-5
100-5 2-eP*
15
Case Study 6

It is known that, if the interest is compounded continuously, the principal changes at
the rate equal to the product of the rate of bank interest per annum and the
principal. Let P denotes the principal at any time t and rate of interest be r % per

annum.
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Based on the given information, solve the following questions:

Q 1. If P, is the initial principal, then find the solution
of differential equation formed in given situation.
Q 2. If the interest is compounded continuously at 5%
per annum, in how many years will ¥ 100 double
itself?
Or
At what interest rate will ¥ 100 double itself in
10 yr? (log, 2 =0.6931)
Q 3. How much will ¥ 1000 be worth at 5% interest
after 10 yr? (€% = 1.648)

Solutions

1. Here, P denotes the principal at any time t and the
rate of interest be r% per annum compounded
continuously, then according to the law given in the
problem, we get

dp _ Pr.
dt 100
P 100 P 100
rt
losP=——+C (1
= 0g 1UU+ ()
Att=0P =P,
C=loghR,
So lo P—r—t+l0 P
‘ &7 =1pg T80
P rt
log| — |=—— 2
= g(PDJ 100 (2)
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2. We have,r =5%, P, =3 100 and P =% 200 = 2R,
Substituting these values in eq. (2), we get

5
log2= >t
°&< =100

- t =20log, 2 =20 x0.6931yr
=13862 yr

Or
We have,
P, =% 100,P =% 200=2P;and t =10 yr

Substituting these values in eq. (2), we get

10r
log2 = 19
&<~ 100

= r=10log 2 =10x0.6931=6.931

3. We have, By =¥1000,r =5%and t =10
Substituting these values in eg. (2), we get

log( 2 ]:5x10:l:a5

1000) 100 2
= L:eﬂf’ — P=1000x1648=% 1648
1000
Case Study 7

An equation involving derivatives of the dependent
variable with respect to the independent variables is
called a differential equation. A differential equation
of the form Z—y =F(x, y)1is said to be homogeneous,
X
if F(x, y)1s a homogeneous function of degree zero,
whereas a function F(x, y) is a homogeneous
function of degree n, if F(Ax,Ay)=A"F(x, y). To

solve a homogeneous differential equation of the type
& =F(x,y)= g(l), we make the substitution
dx X

vy =vx and then separate the variables.

Based on the above information, solve the following questions: (CBSE 2023)
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Q1 Show that (x’-y?%)dx+2xydy=0 is a

differential equation of the type Zy = g(y j

X X

Q 2. Solve the above equation to find its general

solution.
Solutions
1. We have,
(x?—y?)dx +2xydy =0
2 2
= dy _y -x
dx 2xy

Now, F(Ax, Ay) =

=F(x, y) (say)

22y 22 22(y? - x?)

2AX Ay

(1) -
_70 (v -x?) _0J\X

2xy

A2 2xy

'S

%)

Here, degree of function is O, so given differential
equation is a homogeneous equation.

Hence, the given differential equation of the type g(yj.

2. - ﬂ_yz_xz
T odx 2xy
dy dv
Puty =vx=—">-=v+x—
Y dx dx
xdv  v2x?—x?
V+ =
dx 2 XVX
- xdv _vi-1_
ax 2v
. xdv —v?-1
dx 2v
= _22‘/ dv:d—x
v+ X

Integrating both sides, we get
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= —loglv?+1l=loglx|+logC

= log 21 ‘:longIC
ve+1
1
= =xC
vZ+1
= 21 = xC {putv:z}
LA
2
2
= = =xC = x=(x"+y°)C
Ve+ X
Case Study 8

Afirst order and first degree differential equation in which the degree of dependent
variable and its derivative is one and they do not get multiplied together, is called a
linear differential equation.

Consider the given equation Z—y+Py =(Q. This

X
equation is known as linear differential equation.

: : . Pd
Here integrating factor i.e., IF =eI " and the
complete solution is given by

y(IF)=[Q x(IF) dx +C,

where P and Q are constants or some function of x.
Now consider the given equation
dy =cosx (2—y cosecx) dx

Based on the above information, solve the following questions:

Q1. Find the value of integrating factor (IF).
0 2. Find the general solution of the given equation.

Q3. If y(gjzz, then find the particular solution of

given equation.
Or

If x = g, then find the value of y.

Solutions

1. Given differential equation can be written in linear differential equation form
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dy =cos x (2 —y cosec x)

dx
= ﬂ:Zcosx—cosx-cosecx-y
dx
= ﬂ+cosx-;y:2cosx
dx sin x
= Q+cotx-y:2cosx
dx

On comparing with cdly + Py =0, we get
X

P =cot x and Q =2 cos x

Pdx cot x dx i .
Now, IF= ej = eI = elo85NX _gjn x

2. Complete solution is
y-|F=jQ-|Fdx+c
= y-sinx:j2c05x-5inx dx +C

= y-sinx=_[5in2x dx+(C = y-sinx=—lc052x+(_'

which is the required general solution.

3. Now, put x = g and y =2 in general solution, we get

2-5in£=—lc052£+(_‘:>2 x1=—lCOSﬂ:+C
2 2 2 2

2o (NsCmCc=2-4-3
2 2 2

. Required particular solution is
: 1 3

V-SiINX =——C0S2X+ =

2 2

= 2ysinX =—-C0S2X + 3

Or

Now, put x = g in the particular solution, we get

2ysin£=—c052-E+3
6 6

= 2y x%:—cosE+3
1 5

= =——+3==
AR
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Solutions for Questions 9 to 18 are Given Below

Case Study 9

In a college hostel accommodating 1000 students, one of the hostellers came in carrying
Corona virus, and the hostel was isolated. The rate at which the virus spreads is assumed
to be proportional to the product of the number of infected students and remaining
students. There are 50 infected students after 4 days.

Based on the above information, answer the following questions.

(i) If n(t) denote the number of students infected by Corona virus at any time (, then
maximum value of n(t) is
(a) 50 (b) 100 (c) 500 (d) 1000

(i) ? is proportional to
I

(a) n(1000 - n) (b) n(100 + n)
(c) n(100 - n) (d) n(100 + n)
(iii) The value of n(4) is
(a) 1 (b) 50 (c) 100 (d) 1000

(iv) The most general solution of differential equation formed in given situation is

1 1000 —n
(a) lﬂﬂﬂlug( . ]_;u+.~; (b) Iog[

):Iu+c

100 —n

1 n
C | =M+cC d) None of these
© 1000 Ug(lm]ﬂ—n] @
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(v) The value of n at any time is given by

1000 1000

(a) nlt)= | + 999099060 (b) nlt)= | — 99909906
100 100

M g0 @ MO e s o

Case Study 10

A thermometer reading 80°F is taken outside. Five minutes later the thermometer reads 60°F.
After another 5 minutes the thermometer reads 50 °F. At any time f the thermometer reading be
T°F and the outside temperature be S °F.

Based on the above information, answer the following questions.

- dT
(i) If 2 is positive constant of proportionality, then i is

(a) A(T-5) (b) A(T+S)

(c) ATS (d) -2 (T-25)
(ii) The value of T(5) is

(a) 30°F (b) 40°F (c) 50°F (d) 60°F
(iii) The value of T(10) is

(a) 50°F (b) 60°F (c) 80°F (d) 90°F

(iv) Find the general solution of differential equation formed in given situation.
(a) logT=5t+c (b) log(T-S)=-At+c
(c) logS=1tT+c (d) log(T+S)=At+c

(v) Find the value of constant of integration c in the solution of differential equation formed in given situation.
(a) log (60 -S) (b) log (80 + S) (c) log(80-S5) (d) log (60 +S)

Case Study 11

It is known that, if the interest is compounded continuously, the principal changes at the rate equal to the
product of the rate of bank interest per annum and the principal. Let P denotes the principal at any time f and

rate of interest be r % per annum.

Based on the above information, answer the following questions.

(i) Find the value of ‘;—P
t

Pr Pr Pr
(a) 1000 (b) 100 (c) 10 (d) Pr
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(ii) If P, be the initial principal, then find the solution of differential equation formed in given situation.

p rt P rt P P
a) log| — |=— b) log| —|=— c) log| —|=rt d) log| — |=100rt
Y g[ﬂ:] 100 ) og[“’h] 10 o Dg[ﬁ':} @ ng[Pu]
(iii) If the interest is compounded continuously at 5% per annum, in how many years will ¥ 100 double itself?
(a) 12.728 years (b) 14.789 years (c) 13.862 years (d) 15.872 years

(iv) At what interest rate will ¥ 100 double itself in 10 years? (log 2 = 0.6931).
(a) 9.66% (b) 8.239% (c) 7.341% (d) 6.931%

(v) How much will ¥ 1000 be worth at 5% interest after 10 years? (" = 1.648).
fa) T 1648 (b) ¥ 1500 (c) T 1664 (d) T 1572

Case Study 12

In a murder investigation, a corpse was found by a detective at exactly 8 p.m. Being alert, the detective measured
the body temperature and found it to be 70°F. Two hours later, the detective measured the body temperature
again and found it to be 60°F, where the room temperature is 50°F. Also, it is given the body temperature at the
time of death was normal, i.e., 98.6°F.

Let T be the temperature of the body at any time f and initial time is taken to be 8 p.m.

Based on the above information, answer the following questions.

(i) By Newton’s law of cooling, ‘;—T is proportional to
t

(a) T-60 (b) T-50 (c) T-70 (d) T-98.6
(ii) When f = 0, then body temperature is equal to
(a) 50°F (b) 60°F (c) 70°F (d) 98.6°F
(iii) When f = 2, then body temperature is equal to
(a) 50°F (b) 60°F (c) 70°F (d) 98.6°F
(iv) The value of T at any time f is
! e Y72
(a) 50+ 2“[5] (b) s50+20 [E j (c) 50+ 20(5] (d) None of these

(v) Ifitis given that log,(2.43) = 0.88789 and log (0.5) = —-0.69315, then the time at which the murder occur is
(a) 7:30 p.m. (b) 5:30 p.m. (c) 6:00 p.m. (d) 5:00 p.m.
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Case Study 13

A rumour on whatsapp spreads in a population of 5000 people ata
rate proportional to the product of the number of people who have
heard it and the number of people who have not. Also, it is given
that 100 people initiate the rumour and a total of 500 people know
the rumour after 2 days.

Based on the above information, answer the following questions.

(i) If y(f) denote the number of people who know the rumour at
an instant {, then maximum value of y(f) is

(a) 500 (b) 100 (c) 5000 (d) none of these

L4y .
(ii) I 5 proportional to

(a) (y-5000) (b) y(y - 500) () »(500-y) (d) »(5000 - y)
(iii) The value of y(0) is

(a) 100 (b) 500 (c) 600 (d) 200
(iv) The value of y(2) is

(a) 100 (b) 500 (c) 600 (d) 200
(v) The value of y at any time £ is given by

5000 5000 5000 5000
@ y=—00m ®) y=——m © y=—a—  (d) y=———
Y= 000kt T T T o e O

Case Study 14
Order : The order of a differential equation is the order of the highest order derivative appearing in the differential
equation.

Degree : The degree of differential equation is the power of the highest order derivative, when differential
coefficients are made free from radicals and fractions. Also, differential equation must be a polynomial equation
in derivatives for the degree to be defined.

Based on the above information, answer the following questions.

2 '
(i) Find the degree of the differential equation 2d—*;+ 3,(1- [%]2 —y=0.
dx

(a) 3 (b) 4 (©) 2 (d) 1
(ii) Order and degree of the differential equation y y__ x are respectively
dy [dy
— + —
dx \dx
(a) 1,1 (b) 1,2 (c) 1,3 (d) 1,4
(iii) Find order and degree of the equation y" + y* +e¥ =0.
(a) order =3, degree = undefined (b) order =1, degree =3
(c) order =2, degree = undefined (d) order =1, degree =2

(iv) Determine degree of the differential equation (+a +x}-(% ]+x =0
(a) 3 (b) not defined (c) 1 (d) 2
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) . ) dy d* ¥ .
(v) Order and degree of the differential equation |1+ . = ?E are respectively

(a) 2,1 (b) 2,3 () 1,3 (d) l_;

Case Study 15

A differential equation is said to be in the variable separable form if it is expressible in the form f{x) dx = g(y) dy.
The solution of this equation is given by

J f(x)dx = I g(y)dy + ¢, where c is the constant of integration.

Based on the above information, answer the following questions.

(i) 1f the solution of the differential equation % = :;:; represents a circle, then the value of ‘a’ is

(a) 2 (b) -2 (c) 3 (d) -4

1— 2

(ii) The differential equation % - g determines a family of circle with

(a) variable radii and fixed centre (0, 1) (b) variable radii and fixed centre (0, -1)

(c) fixed radius 1 and variable centre on x-axis (d) fixed radius 1 and variable centre on y-axis
(iii)) Ify =y +1,y(0)=1,then y(In 2) =

(a) 1 (b) 2 (c) 3 (d) 4

(iv) The solution of the differential equation % = Y+ is
y 2 3
(a) e‘=T+eJ‘+c {h}e’:T-re‘H (c) e”:T+ff‘+c (d) none of these

(v) If % = y sin 2x, y(0) = 1, then its solution is

in
(a) y=esm * (b) y:sinzx (c) y:cuszx (d) y=£v:051.1'

Case Study 16

d
If an equation is of the form ay + Py = Q, where P, Q are functions of x, then such equation is known as linear

differential equation. Its solution is given by y-(L.F.) = J(}(].F.} dx +c, where LE = ff P .
Now, suppose the given equation is (1 + sinx) f—ii +ycosx+x=0.

Based on the above information, answer the following questions.

(i) The value of P and Q respectively are

(a) sinx X (b COSX —x © —CDSX X @ COSX x
l1+cosx l+sinx 1+sinx l+sinx 1+sinx’ 1+sinx 1+sinx 1+sinx
(ii) The value of LE is
(a) 1-sinx (b) cosx (c) 1+sinx (d) 1-cosx
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(iii) Solution of given equation is

(@) y(l-sinx)=x+c¢
(c) y(1-sinx)= §+c
(iv) If y(0) = 1, then y equals

.2
(@) ==X b) 2%

2(1+sinx) 2(1+sinx)

(v) Value of is }{%) is

(a) (b) ——

Case Study 17

dy _ flxy) :r'l

If the equation is of the form
“ dx  gxy)

(b) y{l+sinx}:—xz+c
2

(d) y(1+sinx)= —

2—x? 2+x°
© 2{1—sinx) @ 2{1 —sinx)
© &% @ ‘”2"2

dy =F (y ] where f(x, y), g(x, y) are homogeneous functions of

the same degree in x and y, then put y = vx and % =v+ x% , so that the dependent variable y is changed to

another variable v and then apply variable separable method.

Based on the above information, answer the following questions.

dy

(i) The general solution of x e =x" +xy+y is
(a) tan"£=10g|x|+c (b) tan"lzlog|x|+c
¥ X

(ii) Solution of the differential equation zx}-:_i

(c) y=xlog|x|] +c

(d) x=ylogly| +¢

=.\:2+3‘}|'2 is

2y :

(@) 4= (b) ?J?:yzﬂ: @ 2+y=cd d 2+ pP=cd
(iii) Solution of the differential equation (x” + 3xy + y")dx - x> dy =0 is

(a) x:y—]ﬂgxzc (b) %+lﬂgx:c (c) —y—log:r—c (d) :xy+logx:|c
(iv) General solution of the differential equation d = }

(a) log(xy)=c (b) logy=cx (c) lﬂg(z]=cx (d) logx=cy

X
(v) Solution of the differential equation (x%— ¥ x = x? cosx is
¥ ¥ 4 4

(a) e¥ —sinx=c¢
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(b) e* +sinx=c

c=x

(c) e* —sinx=c (d) e* +sinx=c
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Case Study 18

If the equation is of the form % + Py = Q, where P, Q are functions of x, then the solution of the differential

Pdx
equation is given by y E-F e !Q ej dx +c. where e“[ e is called the integrating factor (L.E.).
Based on the above information. answer the following questions.
(i) The integrating factor of the differential equation sinx:—i +2ycosx=1 is (sin x)", where 2. =

(a) 0 (b) 1 (c) 2 (d) 3

(ii) Integrating factor of the differential equation (l—xz]j—i —xy=1is

X 1
_ b .2 d) 2 L2
(a) -x (b) i (© 1-x (d) 5 log(1-x7)
(iii) The solution of j—i +y=e ", y0)=0, is
(a) y=¢€"(x-1) (b) y=xe™ () y=xe™*+1 (d) y=(x+1)e™
(iv) General solution of % +ytan x =sec x is
(a) ysecx=tanx+c¢ (b) ytanx=secx+c (c) tanx=ytanx+¢ (d) xsecx=tany+c
(v) The integrating factor of differential equation % —3y=sin2x is
(@) e* (b) e* () e (d) xe
- )
L HINTS & EXPLANATIONS
7
9. (i) (d):Since, maximum number of students in 1 n
. | =A+C
hostel is 1000. = 1000 ug( lﬂl‘.]l‘.}—n)

Maximum value of n(f) is 1000.
(v) (a): When,t=0,n=1

ii : Clearly, ding to given inf tion,
(Il) (): Clearly, according to given Information This condition is satisfied by option (a) only.

@ = An(1000 - n), where 2 is constant of . , )
dt 10. (i) (d):Given, at any time { the thermometer
proportionality. reading be T°F and the outside temperature be S°E
(iii) (b): Since, 50 students are infected after 4 days. Then, by Newton’s law njcmling, we have
n(4) = 50. gx(r_sy ﬁd_j:-a{r_s}
i
(iv) (c) : We have, E = An(100 —n) (ii) (d): Since, after 5> minutes, thermometer reads
dt 60°F
jL = ?"J"-ﬂ . Value of T(5) = 60°F
n{1000 — n) - 2=
_ 1 ‘[( 1 N 1] dn=12 _.- dt (iii) (a‘] : Clearly from given information, value of
1000< 1000 —n n T(10) is 50°E
1 [l“g“ﬂm_") +logn]: M +C (i) (b): Wehave, 2L _ (7 _s)
1000 -1 dt
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dT 1
= —Adt = deT = —1]&:

=
= log(T-8)=-At+c

(v) (c):Since,att=0, T=80F
log(80 - S) =0+ ¢ = c=log(80-5)

11. (i) (b):Here, P denotes the principal at any time 1
and the rate of interest be r% per annum compounded
continuously, then according to the law given in the
problem, we get

dP _ Pr
dt 100
(ii) (a): We have, dj:ﬂ
dt 100
d—P=Ltﬂ = ‘[ldszIdr
P 100 P 100
rt
logP=—+C
= log 00 1)
&II=D,P= PU‘
C=logP,
So, log P = —— +log R
o g _lm E 0
P ri
= log| — |=— 2
E[ﬁa] 100 @

(iii) (c) : We have,r=5, P, =¥ 100 and P =T 200 = 2P,
Substituting these values in (2), we get

5
log2 = —t
¢ 100
= t=20log,2=20x0.6931 years = 13.862 years

(iv) (d): We have,
Py =100, P=3 200 = 2P, and t = 10 years
Substituting these values in (2), we get

10
log 2 = ﬁ — r=10log2 = 10 x 0.6931 = 6.931

(v) (a): We have
Py=%1000,r=5and t =10
Substituting these values in (2), we get

P ax10 1
log| — |= ===05=
1000 1o 2 1000

= P=1000x 1.648 =7 1648

12. (i) (b):Given, T is the temperature of the body at
any time . Then, by Newton’s law of cooling, we get
% = k(T — 50), where k isthe constant of proportionality.
(ii) (c): From given information, we have
At 8 p.m. temperature is 70°F
Att=0,T=70F
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(iii) (b): From given information, we have
At 10 p.m., temperature is 60°F
Att=2,T=60"F

. dT dT
(iv) (¢): - —kI=50= = k dt
On integrating both sides, we get
log|T - 50| = kt + log C = T - 50 = Ce®
Clearly, fort=0,T=70° = C=20
Thus, T - 50 = 20"
Fort=2,T=60° = 10=20¢*

1 | |
= k=l (—] = k=-1 [—]
8 2 } 2 o8 2

Hence, T=50+2ﬂ[%}3
Y2
(v) (b): We have, T=5n+m(5)
I

Now, 98.6 =50+ 20[% ]’

486 (1% 486 ) [l"
486_(1 log| 22 |=L10g| =
- 9 (2]2:.-:-3[2 ]20511
A
) [

= f_ 20 ) o -, 20 J 1. 256
*og(3) og(} )
2 2) )

So, it appears that the person was murdered 2.5 hours
before 8 p.m. i.e., about 5: 30 p.m.

13. (i) (c):Since, size of population is 5000.
Maximum value of y(f) is 5000.
(ii) (d): Clearly, according to given information,

Y
— = ky(5000- y),
di 4 Y

proportionality.

where k is the constant of

(iii) (a): Since, rumour is initiated with 100 people.
When t =0, then y = 100

Thus »(0) = 100

(iv) (b): Since, rumour is spread in 500 people, after

2 days.

. When t = 2, then y = 500.

Thus, y(2) = 500

(v) (c): We know that, when t = 0, then y = 100
This condition is satisfied by option (c) only.

d ’ dy Y’
14. (i) {c):Wehave,E;‘;r+3 I—(ay] —y=0

@g www.studentbro.in



Squaring both sides, we get dy

2 (iii) (¢): Y = y+1l=> ——=dx
42 y dy 2 B y+1 ]
4l = | =91-{=]| -» = In(y+1)=x+c (Integrating)
dx dx 2 Now, y(0)=1=c=In2
Here, highest order derivative is £ andits poweris y+1
2. So, its degree is 2. dx’ S~ In —)—x=>y+1_2£
d = — 2 = — =
(ii) (d): We have, }’di —= 3 So.y (1n2) = -1 + 267 e
dy (d)' ] (iv) (c) : From the given differential equation, we have
dx \dx x
A [ﬁ*_x dy _€4X | iy () dx
= Nax) N = dx e’ 3
= Here, highest order derivative is j—:: - S0, its order Integrating, we get &’ = " + 3 T

is | and degree is 4. (¥) (a) : We have, ix_y = ysin 2x

. o, 2, ¥
(iii) [ag.Wehave, y'+y +e’ =0 _ ﬁ —sin 2xdx = logy= _cos2x
dy 2, tavian _ y

7Y I Since x =0, y—l therefore c=1/2

Highest order derivative is % So, its order is 3.

+c

Now, log y= —(1 — cos 2x)

Also, the given differential cannot be expressed as a
polynomial. So, its degree is not defined.

= logy=sin’x = y=¢"" “x

16. (i) (b): The given differential equation can be

(iv) (c) : The given differential equation is, ritten ac dy+ cosx  —x
.r_ﬁx_(“_f]”:n Y __x dx  1+sinx’ l+sinx
dx dx JJa+x L oody
Clearly, degree = 1. Compare it with — + py = Q , we get
dx
d P= cus::: and Q = _{c
(v) (b): We have 1+ f" 1+sinx 1+sinx
J‘ cos X
NEA ?dzr (ii) (€):LE = P = ¢’ 1sinx
= dx =) Put 1 + sinx=f= cos x dx = df
. Order is 2 and degree is 3. J!d.l ,
~ LE=¢! =¢%'=t=1+sinx

. dy ax+3
b):We have, — =
15. (i) (b): We have Ix

(iii) (d): Solution of given differential equation is

2y+f _
= (ax+3)dx=(2y+f)dy given by y.[I.F.}:IQ (LE) dx+c¢
x* 1+ sinx) = [— 1+ sinx) dx
. a?+3x:y2 s frec (Integrating) = y(1+ sinx) '[1+sinx'[ +sinx) dx + ¢
= —§x2+y2—33:+ﬁ'+f3:[] = y(l+5jm}:§+(
This will represent a circle, if%:l:‘oa:—l (n] (a): We have, y(0)=1ie,x=0,y=1
[+ In circle, coefficient of x* = coefficient of y*] 11 +sin0)=c = c=1
—x 2-x
d . i = =
(ii) (c): We have, 22— — dx AlesinG = —=+1==7
\fl—yz . _ 2—x°
2 © 7T s
On integration, we get —\/1—y~ =x+¢ (1+sinx) 5
= 1-y=(x+0)*=(x+c)*+y* =1, whichrepresents (v) (h]:Wehave,y:—z_I
2(1+sinx)

a circle with radius 1 and centre on the x-axis.
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(2)- (3] % s

2 2(1+sing) 4 16

dy J:2+J:)r+;pr2

2
X

Put vxnnddy v+xdv
L = _—= —_—
y dx dx

17. (i) (b): We have,

dv x*+x.vx+vix?

VEX——= =l+v+v
Iz
dv dx
= x—=l+v" = =|—+c
dx ‘[l+v J
= lan"v:ln:»g|J|:|+::==‘tatn'JF log | x| +c¢
(ii) (d): We have,
dy Ly _ x+3y?
2 =x"+3 77
X xd y? ‘{: 2%y
Put y =vx and;—v+xé
v+xdv_x +3vix? ==‘th:!'1!*_1+$‘>1|.'2 ,
- zvxl dx_ 2v
dv _1+v?
= xa- ™ =‘[l+v dv = _[—+logc
= log|1+v*| = log |x| + log |c| = log|v* + 1] = log |xc|
2
= v2+l=xc==~y—_,_+l=xc=x2+y1=x'1r
x

(iii) (d): We have, (x* + 3xy + y?) dx - x* dy =0
x2+3xy+y2 _dy
™

Put y = vxand ﬁ=v+x£

dx dx

2+ 3%+ x0? _[ dv]

=l v+x—
: dx

X

dv dv
= 1+3v+v2=v+xz — 1+2v+v = x—

dx

dx _2 1

——|(v+1)"dv= logx+——=
= jx J{v ) “dv=c=logx vy c
= logx+ =c

x+y

, dy _y (}’] }
iv) (c): We have, == 4] =141
(iv) (c) x{ug . +

dy dv
=vxand —=v+x—
Put ¥ i

d
v+x§—: :v{log(v)+1} = Ié:vlogv
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= j —J-E = log|logv| = log|x| + log|c|
viogvy x

= lug[z]: cx
x

¥y
(v) (a):We have, (x% —y)ex =x*cosx
¥
(ﬂ—l]e" = XCOSX

Put y = vx and £2v+x—
dx dx

( dv ] . ydv

= |v+x——v|e" =xcosx = x¢"— = xcosx
dx dx
Je"'dv =Icnsxdx = ¢" =sinx+c¢

Y
= e¥—-sinx=c

18. (i) (c): The given differential equation can be

d
written as d—y + 2y col x = cosecx
X

Izcut xd.r 2 log sin x|

L = (sin x)*

2

(i) (c): We have, (1 - f}% —xy=1

dy x 1
dx 1-22 0 1-2

x 1p =2x
Tt _ Al

LE=e¢
1

1 _2 .
Elﬂgﬂ : 4 ]=e|ﬂg{|‘11]2 - ]_xl

dy X
(iii) (b): We have, —— +y=¢
dx y

It is a linear differential equation with LE. = eldx = ¥

Now, solution is y-e* = [e*e * dx + ¢

= y'=Jdi+c = y'=x+c=2y=xe"+ce"
W0)=0 = c=0 .. y=xe”

dy + y tanx = secx
" dx

II; is a linear differential equation with
= gltanxdx _ Joglsecx] _ gory

Now, solution is y secx = [secixdx + ¢

= ysecx=tanx+c¢

dy

: We have, — - 3y=sin2
(v) (c): We have ax ¥ =sin 2x

It is a linear differential equation with
—3dx
LE = el 2 _ g
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